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Introduction

Introduction

@ A split-ring array interacts with a planar wave
(E, H, k).

@ Long wavelength limit a < A : the fields E and
H are considered uniform over the
metamaterial.

@ We wish to determine the effective permeability
of this SRR based metamaterial.

v
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Homogenization by Floquet-Bloch Floquet-Bloch theorem

Floquet-Bloch theorem

Theorem
A function ¢(x) € L2(R3,C) can be decomposed in the dual cell C* :

O )

where Bloch amplitudes ¢, (x) are C-periodic and represented by :

(X) Z (KJ—I—H,,)GW” (x+x0) — |C| Z X—I—X — ik (x+xn) (2)

(2m)3
neZ? ) nez3

where @ is the Fourier transform and k the wave vector.

The dual cell C*
Generated by the vectors W/, the duals of V;. We have : V;W/ = 274
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Homogenization by Floquet-Bloch Homogenization by Floquet-Bloch decomposition

Homogenization by Floquet-Bloch decomposition

The derivative operator are changed
curl = (curl + ikx) and div = (div + ix-)

Maxwell equations (problem P,,)

. . . Co =aC
—iwd, + (curl + ikx)h; = Jio /
iwb, + (curl + ik x)&, =0
(div + ik-)d. = 8§ (div+ ir- )b, =0
b, = ph. d.=ec,

Homogenization principle

Embedding the problem P, in a family of problems
P, and let &« — 0. A scaling operation is necessary
he(ax) = h¥(ax) to “pull back“ all the magnetic
field to the common domain C. |
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Homogenization by Floquet-Bloch The second small parameter

The second small parameter : the split’'s width d

a — 0 : static effective parameters
fiwa,{ + ik X IA1K = a]’,{
i(,ulA),.€ + ik X & =0 3)
divb, =0 curlh, =0
by = pefrh  di = €efrés

Disappointing ! The obtained effective parameters are the static ones.

How to maintain the resonance ?

The resonance frequency LC ~ w~2 must be a constant of all the problems P2 in

order to be preserved at the limit. When the reference cell is shrank, L and C
scale like ~ . The capacitance should scale as ~ a~! to maintain the resonance.
The corresponding slit’s width is in ~ 3.

The slit's width d is considered as a second small parameter. It should tend to 0

faster than the period : d < a < A.

v
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Homogenization by Floquet-Bloch To the closed ring

To the closed ring

The weak formulation in h:

1
a3/ iwh® - h + a/ —((curl + iar)h™ — aj)(curl + iak)h’
A A lwe

—|—a3/ %(ﬁ-(curl+iou<;)h°‘)~(ﬁ-(cur|+iom)h') (4)
pN 4

The ring is closed

The ring now bears a capacitive (C = €|X|/d) layer
2. As curl h =0, a multivalued magnetic potential
h = V(¢) exists. The magnetic potentiel jump is :

I:/Lh=/LVs0=<ps+—<ps—=[s0] (5)
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Homogenization by Floquet-Bloch The weak formulation

The weak formulation

/ 1—i / 1 / / ) /
: - . — = H.
/AMVSD Vi +/8R g V5P Vs¢' = wlelle] L Vo' (6)

v

Several constrains

Px=a = Px=0 = Cx
Py=a = Py=a= G
Pz=a — Pz=a = C

sy —ps— =1

Choosing ¢’ = @, we obtain the effective permeability :

_ 1—i 1
Hiierr H = Vl? + Vsl — —1° 7
|C|H fiefr /AMI ol /@n Uw5| so Co? (7)

v
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The discretization procedure The periodicity detection and the cutting surface modelization

The periodicity detection and the cutting surface

modelization

The periodicity

Each node on a face of the unit cell is
identified with a node on the opposite face.

Wiy,

1/////1/////

Modeling [p] =T

The nodes on the cutting surface are
doubled and the connected elements to the
cutting surface are transformed.
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The discretization procedure ~ The stiffness matrix transformation

stiffness matrix transformation
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Simulation results Permeability and isopotentials

Permeability and isopotentials

@ The permeability and the current tend to ‘ ﬁ
infinity if the ring is very conductive. : :
@ Low conductivity means no negative IR = “
oy Relu,)
permeability. )

@ The major part of the magnetic field flows
through the cutting surface. A

@ At high and low frequencies, the

isopotentials correspond to a diamagnetic
material.
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Simulation results Influence of the ring’s dimensions

Influence of the ring's dimensions

a wo=(LC)"2,and C = ¢Z. Then d ~ Vd.

b The major part of the magnetic field flows through S : a period increase

changes slightly the resonance frequency.
c L~r2 and C ~ (fext — rint)?, then : wg ~

n l’int(fext*fint)

1=

Resonance frequency(GHz]
Resonance frequency [GHz]

w & o o @ o
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v
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Analytical law for 2D structures The polaritonic law

The polaritonic law

Hypothesis : h = h; in A; and h = h2 Ap, where .
@ Fraday's law : jw® + V =0, Ampere's law : Z = h; — hs.

@ Magnetic field's flux : |C|B = pu (|A1|h1 + |Az|h2) and
® = ph A

@ Capacitor in the airgap : Z = jwCV.

Hor
2
_ arta (%) -1
al‘a@ — ‘% Heff = [ IC] (ﬁ)z )

fl f2 Frequency 1
w1 = (uClA)™2

wa = /1 + |A1]/]Az]| w1
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Analytical law for 2D structures Comparison with the simulations

Comparison with the simulations

@ Simulations of square and circular
split-rings, where : |A;| = 0.09 cm?,
|Az| = 0.51 cm?, a =1 cm? and
d=1mm.

+ Analytic

@ Better agreement of the analytical law E A | I
with the simulations of the square ring. I [

@ 2D simulations are achieved by having £
the ring’s height equals the cell's
height.

3 32 34 36
Frequency [GHz]
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Free space measurements Free space characterization bench

Free space characterization bench

@ 2-18 GHz quad ridged horn antennas.

@ Rexolite (¢, = 2.54) lenses.

@ Gaussian beams are converted to a quasi-planar
wave at the middle of the bench.

v

Thru Reflect Line calibration

Micrometric positioning stages are used to move the
second antenna by the thickness of the metal plate
(that equals the thickness of the material to be
characterized).

AAdA
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Free space measurements Time domain analysis

Time domain analysis

@ After the calibration, The S
parameters are filtered in the
time-domain.

w,

@ Windows with different shapes : »
could be applied.

@ The multiple reflexions on the 10
environment are then eliminated | 0

-20

Rectangular windows in particular
induce a signal ringing (Gibbs

Magnitude [dB]

-40
phenomenon). s, ued
of -50 isj:anechnic
——S, filtred
O nechois
Very good agreement with the obtained -0
results in an anechoic chamber 80 : - =
(e-negative rods). Freauency [ort] )

v
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Free space measurements Polarization choice

Polarization effect

@ The substrate is epoxy : relative
permittivity (¢, = 4.4) and height

h=1.6 mm. ‘ "\L”/'
R [

@ Ring's dimensions : aj,; = 1.8 mm,
dext = 4.4 mm and d = 1 mm.

@ Analytical : 11.13 GHz.
@ Simulations : 11.09 GHz. i

@ Perpendicular polarization : 10.9 GHz. 1

@ Parallel polarization : 10.95 GHz
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Free space measurements

Measurements results

Measurements results

Ring's dimensions : rj;y = 1 mm, re: = 2.5 mm.
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Conclusions

Conclusions

@ The effective permeability, with a negative real part, is
obtained with a minimal computational cost.

@ A simple analytical law model the permeability of 2D SRR.
@ Very good agreement with the free space measurements.

@ Not adapted to the simulation of double split-ring
resonators.
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